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Ab ~l t r 8c. t 

The method, proposed i n  an eariiar report (LA-671)t 

f o r  t reatment  bf shocks i n  a stepwise, nuraerlcal i n t e g r a t i o n  

of the equations of hydrodynamics, has been t a s t e d  by a series 

of t r i a l  calculations.  The rerPults are presented and analyaed 

in t h b  report. 

pa t ivs  terms t ha t  have been introduced (loo, c i t e )  u r n  be chofletn 

in suoh a way that the i n t e g r a t i o n  is stable auld at the  ~ a m e  time 

the integral propertias of the 8bock are In o l a s e  agreement; wf*h 

k e y  Isad to the conclusion t h u t  the mock disa5- 

the Hugoniot theory, without appreciably BTtarring the shock ( that  

ie, the thickness given t o  i t  by the disalpative terms of' the 

same order of magnitude as the elementary dfs tmce  appcaaping fn 

the mesh used for the numerical Integration), 

treatment of' the 'stabflitg question i s  given, whlah 1s ballevad 

ko be more q u m t i t a t i v e  than the one given previously. It irtdi- 

cates  that  when the caeffiaienta of a partial dif ferent ia l  equa- 

t ion  are variable, it is sorncstimibs permfssible to violate the 

An analptical 

develop i n  th is  region tend t o  dif fuse  out i n t o  other r a g i m e  

where they are quenched. 

practfrre one cannot do much better than to satisfy the Courant  

condition everywhere. %eaet results are also  in accord w i t h  

the trial calculations which were not ,  however, s u f f i c f 8 n t l y  

However, this  e f f e c t  is small, and in 

extensive to delineate in great detail the s e t  of condit ions 
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under -which the In t eg ra t ion  3.8 s t a b l e ,  Further exploration 

of the method is planned* 
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chosen as t o  have no apprsofable Influenoa Cm WZS CW 

continuous par% of the moefoB but cauw any shgak 4% 
t o  be replaced by a rapid oontinuous var.iaCilon. The 

w given t o  the shook in thirs wag fxs naaf3y ZndaWBd 

s t rength  of the shark, and is $%van &p 

& =  9 W W , "  9 

according to a rough wtimata  gZvm in the report ~ 5 %  

13 any case, we o a l l  w,, 8 8  given by the above eguatf, 

s1100k thicknesap. 

By mema of' difference erquattdns t b ~ i v e d  

a d  (3,' it should be poasibla to make hydro8ynmhdL 13 

l a t i o n e  without resort€ng t o  special (and usp;rallg C 

"shoak-fittfng" calaulationa a t  saoh discontinu%tge 

It seams clear  on general grounds that %h 

shack-thickness w should be chosen as a small m a  

interval A x  w e d  far %ha numarioal saloulation, 

the dfssfpative terns w i l l  have no effdct  anb 2% 

under these oircumstances only weak 8 

matelg c o r m o t l y  represented wit;hout 

other hand, if w>> 0, the diffemnoa equa%$om u 

most certainly be unstablrsr 

by the trial oa lou la t ions  wad whether w can be chat 

enough t o  produce 'the desired reau3.2; wwfthout intztckbo 

instability. 

puola3 quw 

1 
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In wri.tirrg the difference equations, %e reprsaant 

the value of a function a t  a mash point; by indices; for example, 

Tho mesh used had ten points in the x-direation, n T(X,,t”) = TpI 0 

1’7 3 

Far the simple plane-shock problem discussed here, 

the difference equat ions could have been written I n  a simpler 

fomi, but the above are  a close analogy to equations tha t  hgve 

been found useful in more complicated physical problemso 

As I n i t i a l  aondl t ion ,  the gas was assumed to be in$- 

t i a l l y  at rest w i t h  A el, P - 1, V = 1, T -1, and IL shook 
X 

was sent i n t o  the gas by applying a cons tan t  p t 



tlns left boundary while maintaining tha crriginsal pressure 

The diffepenoar aquatPona 

The 

-1 a t  the plight; boundary, 

wem than eoJyed numerically * in a number of cases. 

parametera of the problem ln terns of vhieh the several cases 

are different ia ted are 8 8  follows. 7 nominal compression 

prasaure p' according to the Hugonlot equation 4 
w OF w / a x  is the nominal shock thiclmoss, in units of 4,. 

0 fs the nominal value of the "Courant number"  sound spaad f 

The aans tmts  required in the ca lcu la t ion  (pi-, A t ,  a) can be 

computed from value8 of 7 p  w, and C p  

considered in the series of calculat ions are: 

The cases t ha t  were 

Caae t 1 II 111 zv V 

7 =  3 3 3 3 1.5 

w =  cd 4 2 4 4 

cf - 9 h h 1/5 1/5 * 
The numerical results are l i s t e d  in the tables ,  Case I was 

found to be stable and was carried through twenty cycles, 

11: was found to be defin3,f;eXy unstable and was discontinued a t  

ths f i f t h  cyole, Case I11 was than skipped, bsorpusg it should 

Case 

* 
This work was oar r i ad  Q U . ~  by Irene Stagun of the New York 
OFfioa of the Computatic;m Laboratory of  
StEbndaPds, 



I 1  found t o  be stable. Case IV wbs found to be stable  a d  was 
i< * 

r:c ' carrlsd through eleven cycles.  Case V was found to be un- 

@table  and was discontinued at the  f i f t h  cgole .  

11, Compariflon of results w i t h  steady-state theorzr 

The development and propagation of the shock are ex- 

the numerical c a l c u l a t i o n s  wem carried far enough to allow 

t he  shock tobecome thoroughly detached frorn the piston and 

approach of s t a t e  of steady propagation through the, gas, 

It i s  of i n t e r o s t  to compare the speed and structure 

of the shock, in the late cyoles of this calculat ion,  w5th the 

speed and structiwe as given by a simpler theury. For if the 

assumption of a stalsdy state is made at; the outset (3.*e. the gas 

flaw is assumed stationary i n  a frame of reference moving w i e h  

the shock) the p a r t i a l  d i f f e r e n t i a l  equations (3) t o  (5) P0dUG4 

t o  oxsdinarg d f f f a r e n t i a l  equations that  can be aolved axpliolt$$* 

Tne saLution thus obtained is o f  course the correc t  solution of 

the steady s t a t e  problem, whereas the one obtained from tha 

difference equations,  even a f t e r  a steadg s ta te  1s reaohetd, may 

be in e r r o r  because the f i n i t e  differerioe, dXr  is compdsrtk'bla 

with the shock thickness, so t ha t  the dependent variables m y  

I 



Change by nan-small fractions of themselves in a s ingle  step 

g* the apedific volume increases by about 50$ in some of 

%ha attsps aham in Fig.  3 ) .  We shaS1 f lnd  that  the two methods 

CC?PPeSFOnding pressure po+ Integrating (15) w i t h  respect CoPPesFOnding pressure po+ Integrating (15) w i t h  respect 

iiarl;i&l 
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2 tt / tr \ 

so $hat the structure of the ahoak can 

the equatton 

(20) 

be found by integrating 

Wherein the units have been so choaen BS to make Vo aqua1 to 

unity.  

a u a t i o n  (21) wa8 integrated ntunerioal1,y far 7 =-3{wh€oh 
applielj  to case I), and the result i s  plotted i n  Fig, 2, where 

3. t  is referrsd to as %he "exact steady-state BO1Ut$Qn", Sand Where 

comparison is made w i t h  the results (circles) of aycla 20 of %her 

t r i a l  calculation for c@se I w i t h  the differenae equations (7) 

to (n). 
The agreement beewean the two methads fs seem to be 

goodl sxcrept for the two or  three points tat the l e f t  of&& 

graph. It is bel ieved that this discmpancy would have d9s- 

appeared * if the t r i a l  calculat ion had:,besn carried further 

and that  it was caulerad by t h e  f a c t  thaC in the early oycleta the 

shook $8 much steeper than in the steady s t a t e  (it was in fac t  

asawned to be i n f i n i t e l y  sharp at Cha begtnning of the oa2cuw 

Ia t fon) .  

when the shock passes the first few points so Ymt; %hersafter 

This causes the energy dfra%patfan t o  be abnomal 
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th6 entropy of the gaa is abnoma1 near the pistm. 'Pa test 

F 

1 equations (1) and f17),  using (18) to dimina t ;@ S. 

is plottied in Fig, 3, where camparSam is again made w l t h  the 

results of the t r i a l  calmd.atlon, It is 8een 

firs% three poinBs have too high temperature, 

4 is plotted the quant i ty  T V r - l ,  which is a fUElrJ:bkQn Qf the 

sntrcrpg, and f t  is seen that  the first ghree, point% have &tI~ubred 

cunsiderably m o m  entropy than they would have in a steady s h t s  

The reisult 

Fhtt&11y, In  FZg, 

Shock. 

The speed of the shock cw-i be obtained from ho~$m 

r;ont*cll separation of the cumm In Ffgt 1. 

these cumes would be' parallel  and equidistant. 

t o  be approximately true for the las t  thme curVd$~ 

the bottom, m d  the speed o%ta2ned from the upper p@&f.ana o€ 

these thr5a c u ~ v e s  is S 2,663, plus or minus perhaps 0.05, fn 

In a st;~edy sOaCa, 

TQ%rs $ 8  88M1 

.? 

good agroernont with the correct  value, from equations ( 3 8 )  an8 

*(lS),which, f o r  'I== 3, is @or w 2.65. 
I 

The evidence of this secrtisn supports Che vfew that ,  

a t  least; under the condi t ions of c u m  I, equations (7 )  to ($1) 

give a good desc r ip t ion  of shocks. 

d 
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(7) t o  (12). It was indicated tha t  from 

s t a b i l i t y ,  the d i f f e ren t i a l  squat iona of the problem are equi- 

valent to 8 single equatlort of the dfffusion-equation type, 

Speci f ica l ly ,  if one fmaginas going t o  a sufficiently f i n e  mesh 

in tho x- t  plans ,  keeping the parameters of the problem fixed 

( including 

s tabi l i ty ,  are the left member and the l a s t  % e m  of the r i g h t  

member of equation ( 5 )  (or the corresponding ternis of equation 

(8) 1. Introducing the material  veloc i ty  u=& 

these dominant terms can be wri t tan  B E I ~  that =t V, 9 

& I s  the darnltnmit terms, from the po in t  of view of 

and not ing  
d u  dV 

where 

By sxamfnation of (8) E t  is seen that the diffarencea equation: 
1 corpeapcmding to (24 )  Is t o  be m i t t e n  &a I 

In a terminology fpeqzrently used,, the differenere 1 
quation (25) is of' the csxplleit;- type. In problems in which, ~ 

I 

the dlffusian coefficient CY is oons tmt ,  the cond€t%on f o r  
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unity,  I n  tho present problem is large In the shock, but 

-., 9. small elsewhere. To investigate qualitatively the effeot of 

9 such a variation, we suppose that o is a given function of X, 

which varies continuously and has a single maxltmim at X =  0. 

Txren 

C(x) is supposed slowly vary ing  and positive. 

It i s  now supposed that; superposed on a desltrsd 

solution u there is a small dieturbancza having the farm 

whered is a constm1;. If for every ao lu t ion  of this form, 

without r e s t r i c t i o n  on g ( x )  exoept boundedness, the real part 

o f ' d  28 non-posittve,  the differanas equation is stable;  and 

othsrwiscs not. Subatituting (28) inCo ( 2 6 )  arid dividilng through 

by *a* we gat  





os 
fax- %@Pi: and right, the two branches have values in the i n t e r -  

vala (0, -1) and Id, - 0 0  ) #  respectively. 

Akth0ug.h this  is only the first approximation, I t  is 

@Zpes$ed t;hes.t; further) approximations w l l l  have tho same c h a ~ ~ t e t e r .  

Eefore obtaining the next approximation, l e t  us ind ica te  how 

the question ststbi2it;y is r e l a t ed  to these Curves. F ~ o m  (31) 

i t  is aeen that  ths boundedslsss of g ( x )  as x goss t o  plus or 

minus inf'fnity rt%quiPesl that fop large nargatioe x we use the 

lower branclh of ths f'unctfon y(x) and that  f o r  large positive 

% we use the upper branchr 1 Therefore disturbances of type (28) 

c m  arbsg only if I t  is possible to get continuously from the 

lower eo the upper branch m t  intermediate values of xI The 

1irni't;ing 0886 is that in wkriah the two branches CFOSS at x 8, - 
and the cornsspunding value of 5 detwmhea  the moat rapid 

rate of growth ( o r  hrlawsst decay) of errors of the diffsrsnea 

equation ( Z c i } ,  %%a value of f must have absolute lnagnftude 

fiat grarter $ha& unity for stabilily. FOP example, the con- 

dition for ~rsssing, fn the f i r s t  approzimation, i~ t ha t  
is bhe maximum of C ( x ) ,  and the oonditian 

C O  ' < I* 

saeond approximation, we write 



a Twnction y(x) wh%cLx, t o  %ha far left and rar right, hss two 

branches, To find, In second approximation, the value of 5 
corresponding to the o r i t b a l  rate of growkh OP decay of efTI'DFS9 

the two branches must be rnade Sa o r o m ,  which means that we 

equate t o  wr?o the disantmltnrant of (351, regarded as an equation 

for fo r  x Yo do this we require t;he value o f  y t (0 ) ,  

and in this equation s e t  x*O, noting that a t  x = 0, in first 

There fore 



(Tne last equality follows from the vanishing of & ( a ) )  
Tnen, at x=OJ (35) beoomas 

..I 

To obtain the l j rn i t i ng  eendi t ion f o r  stability, we naw put 

f i -1,  and equate the discriminant of (39) to zero: 

4 -2 i- a x  //- =*2 c, 
Clearly we must tetke the plus a l p  on the right, because C, 

5s p o s i t i v e ,  

and general  cond i t ion  for stability is 

Tnia gives the  limiting oondlition for stability, 

Therefore, in ths region of‘ m a x i m u m  CT, we are permitted to 

v i o l a t e  slightly the p m ~ l c n m  s t a b f l i t y  condi t ion Ghat C 

For app12oa’cion t o  the problem at hand It would 

have been m o m  re&Li$tlo to consider a problem In which the 

diffusion coe f f io i en t ,  el is 8 function of x - St (*era S 

is the apead of the shock) ratnsr thari on x alone, Although 
_-.- 







1 

tho apesd a d  strength of the ahock and the conditltona o f  

the material  ahead of it w i l l  in general be changing during 

the courser of the phenomenon under investigation, and it may 

happen that no one fllxed choice o f  the coe f f i c i en t  of %he 

Siutitious dissipation tern w i l l  provide conditions cXosa to 

those of case I at all times or even for a11 Bhocks (if thore 

are two o r  m o m  In the problem) at any one time, It is thero- 

fore of i n t e r e s t  t o  know more accurrPtely than we do now the, 

range of condi t ions  under which the method is usable1 and to 

know how well the mskhsd works under unusual circwnatances, 

such as when a shock O F O S S ~ S  8~ interface. So far as stability 

is Concerned, WB may perhaps p h C 6  conafdarable re1dRnGrs in 

forriiula ( 4 8 ) ,  but the question of acourac$ remains to be answered. 

A cornplately satisfactory exploration of the method 

Would involve a rather extended series of t r ia l .  ealaulat iuns,  

and for each 02 them the calculatfon should probably, be oarried 

conelderably fur ther  than any of the exmnples described above. 

It is planned to Snitlate such (B program, with the aSd of 'the 

Los A i m o a  IBEX group, in the n e w  future. 
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0598 
7231 
r933 
2222 
4453 
QUO2 



R 
3. 
2 
3 
4 
5 
6 
'7 
E3 
Q 

.J 
1 
2 
3 
4 
6 
6 
7 
8 
9 

J 
1 
2 
3 
4 
5 
6 
'7 
I? 
9 

Proposed Hgdrodynamical Calculations 
n n 

Table of' TJ++ 

Case a 

,54719 6593 
,72891 6918 
e89274 6374 
,98622 5371 
.999$6 8193 
.99999 9829 

3. 
1 
E 

9 

.44406 2457 
,60951 7090 

.93954 2617 
,99612 1302 
,99997 89513 

,7w45 6a51 

.199999 9960 
1 
1 

11 
vpt. & 

.37771 0745 

.49628 8313 
e68957 0033 
.E36443 1453 
.97443 3151 
.Q9830 61'10 
099999 7174 
.99999 9994 

1 

7- 3, w -2, cf' - Q  - 

7363 
5 687 
54x6 
4536 
O'JE4 
006Q 

0204 
2365 
2581 
7306 
9559 
84 17 
0025 

2 627 
163,s 
0018 
4660 
6580 
7 663. 
1229 
0002 

va R-+4 
,49122 3704 
,66980 0538 
a84638 3OQQ 
096749 7745 
.99907 6684 
099999 7659 
.59999 9997 

1 
1. 

,40513 6435 
.55221 4340 
078434 2263 
e90479 2185 
.98859 0'784 
.99986 16113 
,99988 9612 

1 
1 

12 VJ+ k z 

e36052 6751 
a44608 7991 

a82023 8479 

.B$?P43: 6824 

.63202 8379 

,95246 9278 

.99@98 3132 
e99999 95340 

1 

1,7WZ4 3810 
1~95696 9995 
1,10962 8951 
1,01482 3736 
2,00088 9505 
I .eOQOQ0 0937 

b 
1 
I 

,lo 
j-.* 

1.95899 4872 
le54104 1718 
1,239.64 4522 
le053T4 7540 
1,00466 8065 
leoooos 5355 
1,00000 0154 

1 
I 

2,05793 6880 
1,73473 5004 

1,12389 2084 
la02212 1655 
1.00103 5627 
1.Q0080 6746 
1,00000 0028 

3. 

1,36578 6162 



A 
1 
2 
3 .  
4 
5 
6 
7 
n 
I) 

R 
1 
2 
3 
4 
5 
6 
7 
E3 
9 

P 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Tabla 1x1 

Case 3 

13 
J-4  

,35362 8038 
,40180 7814 
e51495 9245 

.92335 4585 

.99255 4047 

.99991 4343 
,99999 9638 

m 1 3 9  9885 

3. 

,36776 
m94451 
.46397 
66348 

m84742 
, 901626 
99862 
913999 
99999 

6507 
0822 
4331 
9565 
6077 
0151 
3132 
0609 
9962 

*3618$ 0669 
e33308 853.5' 
,37466 9361 
.54794 7002 
,75219 2984 
e91156 7989 
.989S9 19117 
*93$82 8608 
e99999 8999 

15 
Tat.* 

I 

161 
TR+-& 

4316 
3224 
922V 
478B 
6153 
6814 
1539 
$662 
0086 

109% 
3608 
2829 
6681 
8204 
4539 
0184 
5678 
174.9. 
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2 
3 
4 
5 
6 
7 
8 
9 
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'1 9 
Vp,, 2 

,35785 7263 
,34387 3427 
.32960 5495 

,64148 2002 
af3323.2 8926 
e95923 0473 
e99791 9670 
,9009E3 1Y6l 

, 4 x w  8254 



J 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Case IT. 

.95098 0392 
1. 
9 
1 
1 
1 
I 
b 
1 

3 
Tj+., 

-94063 1970 
,95215 4603 

1 
1 
1 
1 
3. 
1 
J. 

v4 P+s 

. 1 
1 

1. 

10,36510 160% 
9,66678 1873 

1.05695 666e 
2,20827 0952 

1 
1 
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Table VI 

Proposed Uydrodgsamical C alculnkione 

Table of . f.9' 
Case IV 

V2 J+ h 
2 

T/J+$ R 
1 
2 
3 
4 
3 
6 
7 
8 
9 

J 
1 
2 
3 
4 
5 
6 
7 

9 
a 

R 
1 
2 
3 
4 
5 
6 
7 
8 
9 

,99215 6863 
1 
1 
1 
1 
1 
1 
1 
1 

1,00534 1945 
1 
1 
1 

. 1  

e97887 7427 
.99879 6582 

1 
1 
1 
1 
1 
1 
1 

P,02146 0425 
1,00O4FJ 9932 

1 
1 
3. 
I 
1 
I 
I 

4 v a +& 
4 

"e+., 
.96464 2012 
,99419 5564 
,99906 9346 

1 
1 
1 
1 
1 
1 

+95018 9069 

.99951 7909 
r99899 9910 

1 
1 
1 
1 
1 

.98641 3097 
1.86000 5240 
1_*@0808 4087 
1,00019 7053 
1,00000 0036 

1 
1 
1 
3. 
1 

6 
T &+* 

6 V 

093510 5776 
e97618 8890 
099787 6776 
e99989 4765 

1 
1 
1 
1 
1 

1.08333 5095 
le01606 7245 
1,c)ooF37 4359 
1;OOOOO 2094 

1 
1 
J" 
1 
9 

e91961 8526 
696620 3132 
e98451 4285 
.99993 2885 
099999 9987 

a. 
1 
1. 

, 1  

1*10763 5859 
1.02598 9602 
1,00239 8684 
l * O O O O f 2  6858 
1,00000 0052 

1 
1 
1 
1 



Prspos ed Hydrodynamfc a1 C aloula tfona 

Case ILv 

V8 Rt.9 
.88810 7550 
,94314 0776 
.98267 1917 
.99881 4279 
099999 7019 

1 
E 
1 
1 

1.15915 2224 
1.05004 2889 
1,(?0919 9358 
1,00047 7247 
1,00000 1168 

1 
1 
1 
1 

1 .90391 4042 
,95494 0607 
.98934 4647 
.P9964 1062 
,99999 9743 

1 
3. 
1 
1 

1,13302 5979 
1,03735 0327 
1 C 0 5 ~ 3  9357 
3,.00014 3'717 
1,00000 0008 

3. 
x 
1 
1 

2 
3 
4 
5 
ti 
7 
8 
9 

9 
vp,.; P 

1,23940 6832 
1.07934 9143 
1.02090 6858 
1,00240 1914 

1,18596 0272 
1,06404 6090 
1,01452 9685 
1,00117 9111 
1,00000 8641 

1 
1 
1 
1 

e85624 9540 
.81817 3218 
.96641. 3173 
.99432 5787 
.99989 7850 
.99899 9928 

1 
1 
1 

,87221 4006 
e93085 8392 
,97493 9947 
,99711. 9018 
,99497 8386 
.99899 9993 

1 
I 
1 

1*00004 0869 
1+00000 0026 

1 
1 
x 

11. 

R-+* V P 
e84024 6427 
e90517 8104 

.99037 4866 

.95732 6919 

.99965 4586 
099999 9498 

I. 
1 
1 

1*24139 2930 
1,09547 1010 
1,02820 2875 
Z.00828 0140 
1,000L3 8250 
1,00000 0198 

3, 
E 
1 

1 
2 
-5 
4 
5 
6 
7 
8 
9 
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1 
T &+* ' 

1 ,94791 6667 1003703 7037 
2 .' 1. 1 
3 z 1 
4 1 1 
5 1 
6 . 1  
I 1 
8 1 
$ 1 

a 
1 .E35195 $579 
2 1,0270'? 7322 
3 e92712 8826 
4 1 
5 1 
6 1 
7 1 
8 1 
8 1 

5 R vp+* 

1 
1 
1 
1 
a 

1,22440 3896 
1.07786 8276 
1.c7352 8041 

I 
a 
1 
Y. 
f 
1 

T5 R+* 

2 
V 
R+9 

e96050 8243 
094162 0879 

1 
1 
1 
1 
1 
1 
1 

1.33924 4836 
,47069 0943 
1,21621 9707 

1 
1 
1 
1 
1 

.0a747 0231 

4 T I+ P 
14eI.7884 4392 
22.05824 1104 
3,"7140 1314 
1.20843 7573 

1 
1 
1 
1 .  
3. 
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